Abstract: In recent years, there has been an explosive growth of data traffic in datacenter interconnections. A significant amount of the installations within data centers are graded-index multimode fibers (GI-MMFs). These fibers enable the use of mode-division multiplexing to increase the fiber's capacity. The heart of such a multiplexing scheme is a spatial multiplexer. In this paper, we propose a simple tilted Gaussian beam multiplexer for GI-MMF using low-cost commercially available lenses. We derive an analytical expression for the power coupling coefficients using a tilted Gaussian beam launch into a GI-MMF. We use the analytical expression to perform an optimization algorithm for tilted Gaussian beams as a spatial multiplexer with GI-MMF. The optimization was performed for 3 Â 3, 4 Â 4, and 5 Â 5 multiple-input-multiple-output (MIMO) systems. Typical power coupling matrices exhibit maximum crosstalk of À12.5 dB with strong coupling efficiency that is greater than À0.6 dB.
Introduction
High-speed transmission systems (> 10 Gb/s) for short-reach interconnects, such as data centers, have attracted extensive interest due to the explosive growth of data traffic in such applications. The growth in data traffic is due to an increase demand for cloud computing and video streaming, as well as a proliferation of smart devices [1] . Graded-index multimode fibers (GI-MMFs) form a significant amount of the installations within data-centers with a major yearly turnover, which is expected to grow [2] .
GI-MMF exhibits many advantages compared to single mode fiber (SMF). GI-MMF's large core diameter mitigates non-linear effects, is more effective in coupling with light source, and possesses higher alignment tolerance with connectors. Moreover, multimode link components are significantly cheaper than those working with SMF [3] . Most importantly, GI-MMF permits the use of mode division multiplexing (MDM), allowing higher data-rate transmission systems.
Lately, there is also a growing interest in different types of MDM systems based upon cylindrical coordinates with GI-MMF [4] - [6] . Spatial multiplexer is a key component for such systems [5] . In this paper, we focus on tilted Gaussian beams as a simple spatial multiplexer for MDM system with GI-MMF.
Here, we suggest the tilted Gaussian beams as a simple spatial multiplexer for MDM system with GI-MMF. This type of spatial multiplexer doesn't suffer from 1=N splitting loss like concatenated phase plates with beam-splitters architecture [7] , [8] . Moreover, it can be generated using low cost commercially available lenses, as opposed to spatial light modulators [5] , diffractive optical elements [9] and photonic lanterns [11] , [12] .
This type of simple spatial multiplexer along with a spatial demultiplexer, such as, concentric photodiode [4] , [10] and use of multiple-input-multiple-output digital signal processing techniques [13] , [14] may enable future high speed systems for short-reach interconnects.
This paper is organized as follows. In Section 2, we describe the optical coupling of a single incident Gaussian beam into a GI-MMF with an infinite parabolic refractive index. In Section 3, we lay the foundation for our multiple tilted Gaussian beams spatial multiplexer described by the power coupling matrix. The power coupling matrix elements are composed of single incident Gaussian beam power coupling coefficients (PCCs) summations. In Section 4, we derive for the first time, to the best of the authors' knowledge, the PCCs' analytical expression of a single tilted Gaussian beam into a GI-MMF in cylindrical coordinates. Section 5 shows the relation between an offset to a tilted Gaussian beam in terms of the PCC. Section 6 shows a comparison between the PCCs under different spot sizes both numerically and analytically. A tilted Gaussian beams multiplexing optimization algorithm for MDM application is proposed in Section 7. Finally, we present our conclusions in Section 8.
Optical Coupling of an Incident Gaussian Beam Into a GI-MMF With an Infinite Parabolic Refractive Index Profile
In this section, we describe the optical coupling of a single incident Gaussian beam into a GI-MMF with an infinite parabolic refractive index profile, as illustrated in Fig. 1 . The optical coupling is described using the overlap integral. This section lays the foundation for our multiple tilted Gaussian beams spatial multiplexer.
We denote the PCC's overlap integral for GI-MMF mode as ð; ; oÞ. As seen in [15] , it equals
where E T describes the incident electrical field, E o represents the GI-MMF's modes with an infinite parabolic refractive index profile, A core is the fiber facet indicating the truncation of the Gaussian beam, and ðÁÞ designates complex conjugate. In our case, the incident electrical field is a tilted Gaussian beam with spot-size s , and tilt angle . This field can be written as [16] or it can be rewritten in cylindrical coordinates as
where ¼ s =r co is the normalized spot-size, R ¼ r =r co , and r co is the MMF core radius. One can easily find that RR
On the other hand, the GI-MMF's transverse modal electrical field, commonly referred to as linearly polarized (LP) mode, with an infinite parabolic refractive index has an analytical solution in cylindrical [17] and Cartesian coordinates [18] . Moreover, it should be noted that the analytical solution is a very good approximation even for non-ideal parabolic refractive index profile [15] . The analytical solution is based upon approximation that is involved in using the scalar wave equation instead of Maxwell's equations and is valid if the refractive index varies only very slightly over the distance of one optical wavelength [18] . Due to the cylindrical geometry of the fiber, it is more common to use cylindrical coordinates ðr ; ; zÞ which obeys
introducing the modal propagation constant , the azimuthal order U 0, and radial order U 1, and the orientation o 2 fa; bg; whereas a stands for a cosine solution, and b for a sine solution. The spatial dependence of transverse modal electric field is given by [15] ðr Þ ¼ C r r co exp À0:
where L À1 is generalized Laguerre polynomial, and the normalization constant is set to [15] 
where 0 is the Kronecker delta function, and V is the normalized frequency. Also, V ¼ k 0 n co r co ffiffiffiffiffiffiffi 2Á p , and k 0 is wavenumber in free space; the profile height parameter is given by
where n cl is the refractive index of the cladding. Moreover, using (4), (5), and (6), it is easy to find that, as in [15] , that RR Acore jE o j 2 dx dy ¼ 1 for both cosine and sine solutions.
Thus, if we use the inner-product definition with z ¼ 0
one can notice that
This expression forms the fundamental building block in designing a tilted Gaussian beams spatial multiplexer.
In order to facilitate the spatial multiplexer design, we will use a special characteristic of GI-MMF, containing groups of modes that have nearly equal propagation constant. The modal propagation constant given by [19] 
represents this property. We will refer to LP modes with the same or nearly the same propagation constant as principle mode groups, which obeys the relationship m ¼ 2 þ À 1 where m is the principle mode group number. It is worth mentioning that power distribution among different principle mode groups is independent of coordinate's system choice, and thus is the same in both cylindrical and Cartesian coordinates. Each principle mode group number can be expressed as a linear combination of cylindrical, Laguerre-Gaussian (LG) mode functions, or Cartesian, Hermite-Gaussian mode functions (HG) [16] . This property is useful for validation of the tilted Gaussian beam PCCs' analytical expression using LG mode functions.
Power Coupling Matrix Notation
Following the optical coupling of a single incident Gaussian beam into a GI-MMF, we extend our notation to multiple incident tilted Gaussian beams, which form a simple spatial multiplexer for MDM system with GI-MMF. The relation between incident beams to fiber modes is usually described by field coupling matrix [9] , [20] , [21] . Here, we focus on power transmission of tilted Gaussian beams into a GI-MMF. In order to properly describe the Gaussian spatial multiplexer, we propose the following notation.
First, we represent the transmitted field of an ith group of LG modes g i as
where we denote the jth normalized tilted Gaussian beam as E T j , and the jth transmitted signal as s j . Equation (11) expresses a sum of tilted Gaussian beam signals' projection on an ith group of LG modes g i . Moreover, (11) can be generalized, and written in matrix form
where E g is the transmitter field vector with elements ½E g i ¼ E g i ; S is the transmitted symbol vector with elements ½S j ¼ " s j ; T is defined in the following way:
with every matrix element E g i T j defined by
Equation (14) represents a specific jth symbol contribution to the transmitted field in the ith group. It is worth mentioning that our analysis focuses on an equal number of transmitters and receivers; thus, T has dimensions of N Â N. Now, (12) forms the basis for the formal notation of the power coupling matrix.
If we assume, for the sake of mathematical tractability, that E o forms an orthonormal set, we receive that the power of a specific ith group of LG modes P g i can be written as
In this paper, we will assume usage of incoherent coarse wavelength-division multiplexing sources, as in [22] . Thus, the low-pass filtering action of a photo-detector suppresses the cross term at frequency ! 1 of symbol s m with frequency ! 2 of symbol s k . Under this assumption, (15) simplifies to
Thus, the relation between the transmitted symbol power of each tilt to the transmitted power vector for each group of LG modes, can be described as
where P TX is the transmitted power vector for each group of LG modes, ½P TX j ¼ P g j ; P sym is the transmitted symbol power vector for each tilt with elements ½P sym j ¼ js j j 2 ; H is the power coupling matrix. The power coupling matrix H is an element-wise inner-product of the field matrix T, i.e.,
We receive that
where ½H i;j is the ith row and jth column of power coupling matrix H. Hereby, (17) forms a linear relationship between the incident signal power and the fiber mode groups' power. This linear relationship represents the spatial multiplexer, similar to the field coupling matrix in (12).
Derivation of an Analytical Expression for the Power Coupling Coefficients
In this section, we derive an analytical expression for the PCCs, where the incident electrical field is a tilted Gaussian beam that interacts with the GI-MMF's LG modes. This will enable us to use a closed form expression in each of the power coupling matrix elements.
In order to perform this derivation, we extend the procedure performed in [15] , to include analytical expression for tilted Gaussian beam, as opposed to the offset model presented in [15] . Moreover, we will consider only cosine solution of the electric field, because the sine solution always yield zero, as shown in Appendix A.
We start in substituting (2) and (4) into (1) with a cosine solution, which yields
Letting ! þ and rewriting the -integral yields Using the Modified Bessel function is given in [23] :
Letting n ¼ , z ¼ Àjk 0 n co r co R in (22) I ½jk 0 n co r co R:
With the property I ðÀzÞ ¼ ðÀ1Þ I ðzÞ, the -integral becomes
exp½Àjk 0 n co r co R cos cos ðÞ d ¼ 2I ½Àjk 0 n co r co R:
Substituting the -integral back into (20) , yields
Using the table of integrals in [24, eq. 7.421, no. 4, p. 812]
r co , and using I ðzÞ ¼ ðÀ1Þ
Simplifying yields
It is also beneficial to look at the following transformation:
Equations (29) and (30) are among the key elements of this article. They describe PCCs' analytical solution of the LG modes using a tilted Gaussian beam launch in an infinite parabolic refractive index MMF. The power conservation of the PCCs' analytical expression is shown in Appendix B.
Relation Between Tilt and Radial Offset
Here, we perform an asymptotic analysis of (30) in the case of a spot-size match between the Gaussian beam launch and the transverse modal electric field of the fundamental mode, i.e.,
When using the Laguerre polynomial definition [24, eq. 8.970 , no. 1, p. 1000]
letting n ¼ À 1, ¼ , x ¼ 1=y , we can calculate the limit
Using this limit in (30), we receivê
where a denotes the PCC in the limit of spot-size match.
In the case of spot-size match, it was stated in [16] based on HG modes that the excitation for an offset beam with zero tilt is equivalent to that of a tilted beam with zero offset when the relation
holds between the offset and tilt, where is the radial offset launch. This relation is equivalent in LG modes to ðA= 2 Þ ¼ k 0 n co r co , ¼ ð=k 0 n co 2 s Þ, where A ¼ =r co is the normalized radial offset, as defined in [15] . Substituting in (34)
This is the same expression derived in [15] , in the case we use the offset-tilt relation and spot-size match. Thus, we proved for LG modes that excitation by tilted on-axis beams is equivalent to excitation by offset beams with zero tilt in the case of spot-size match.
Comparison With Numerical Results of Infinite Parabolic Refractive Index Profile
In order to conform the validity of the PCCs' analytical expressions for a tilted Gaussian beam launch, we have taken standard OM1 fiber parameters of profile height Á ¼ 0:0172, maximum refractive index of the core n co ¼ 1:5, MMF core diameter of 62.5 m, and used a laser wavelength of 1310 nm. Fig. 2 shows the validity of the relation between tilt and radial offset launch (35), when there is a spot-size match between the Gaussian launch and transverse modal electric field fundamental mode. We compare the PCCs of the following analytical expressions: tilted launch (34), offset launch (36), and HG mode based tilted launch from [16] . In addition, numerical calculation of the overlap integral (1), using a truncated Gaussian beam, is also added for comparison. The tilt and offset axes in Fig. 2 are matched through the relation in (35), thus enabling us to visually compare all four plots. These plots confirm the validity of the developed analytical expressions for tilted Gaussian beam launch under spot-size match for the GI-MMF principle mode groups. Moreover, it is worth noting the spot-size ("mode-fielddiameter") match with a radial offset launch of 0 m and no tilt ("central launch"), which
shows an almost perfect coupling of the incident Gaussian beam to the fundamental mode as stated in [25] .
In Fig. 3 , we take a closer look on a beam with 17 m offset with no tilt vs. 5.8
beam tilt with no offset. Fig. 3(a) shows the perfect match of the PCCs as a function of the GI-MMF's principle mode groups. In addition, it can be seen in Fig. 3(b) and (c) that the PCCs match is perfect for all LG modes, rather than only the principle mode groups. Fig. 3(b) shows the match for different azimuthal orders with radial order of 1, whereas in Fig. 3(c) , different radial orders were used with azimuthal order of 0. In Fig. 5 , we notice the dependency of the coupling efficiency per principle mode group on the FWHM of the Gaussian beam. If we increase the FWHM, we can receive better coupling efficiency at higher principle mode group numbers. We use this dependency for optimizing a tilted Gaussian beams multiplexer in the following section. 
Incoherent Tilted Gaussian Beams Multiplexer
An incoherent tilted Gaussian beams multiplexer with N transmitters (TXs) is schematically shown in Fig. 6 . Each SMF transmitter has a different tilt with respect to the optical axis and its FWHM magnification is governed by the dual lenses focal lengths ratio. Throughout this section, we use parameters of standard commercially available lenses in the calculations. Each transmitter is composed of a standard SMF with FWHM of 3.8 m at 1310 nm as the transmitting source. We collimate its beam using a lens with focal length of 2.7 mm. The collimated beam is focused using lens' focal length of 8, 11, 13.9, or 18 mm into the GI-MMF. In this section, we propose an incoherent tilted Gaussian beams multiplexing optimization algorithm for MDM application with N transmitters. In other words, we propose an optimization algorithm for the power coupling matrix, H, as defined in Section 3.
The optimization algorithm aims to achieve maximum coupling efficiency of each tilt with its associated fiber modes and minimum cross talk with the other fiber modes.
The algorithm contains the following steps. 1) For each tilt, we find the FWHM, which results in the maximum coupling of a principle mode group. This forms the bank of tilts from which we will find the optimum. 2) We decide on the edges of tilt range:
a) The minimum optimal tilt is with spot-size match at 0 . This tilt has a theoretical perfect coupling efficiency of 1 and no cross-talk to neighboring principle mode groups at all. b) We choose the maximum of the tilt range based upon the offset-tilt relation (35) and spot-size match, as shown in Section 5. In our case, the tilt is equivalent to an offset of 26 m, as taken in [4] . Such an offset starts to show some power spills outside the GI-MMF core region. The resulting maximum optimal tilt is taken to be 8.8 . 3) We search for a specific combination of N tilts out of all possible tilt combinations defined by the tilt range from step 2 and resolution, according to specific spatial multiplexing technology. We select the combination of N tilts which results with minimum overall cross-talk. In order to calculate the overall minimum cross-talk, we perform the following steps for any given combination of N tilts: a) The tilt that maximizes the PCC of specific principle mode group tags this principle mode group as its own. This tagging matches between a principle mode group and a tilt. b) The PCCs that do not obey step 3a are considered interferers. The sum of all these interferers in all the principle mode groups is the overall cross-talk for a given combination of N tilts. Now, the chosen combination of N tilts is the one which has the minimum overall crosstalk from all cross-talks calculated in step 3b. 4) Once we found such an optimal combination of N tilts, we use the matching process performed in step 3a and group all the principle mode groups' PCCs that are associated with the same tilt into a "super mode group." In this way, we match all the principle mode groups into N "super mode groups" of N tilts. The outcome of the algorithm described above for 3 Â 3, 4 Â 4, and 5 Â 5 power coupling matrices, is presented in Fig. 7 . Fig. 7 depicts 3 Â 3, 4 Â 4, and 5 Â 5 power coupling matrices with identical FWHM spot-size matched tilted Gaussian beams, shown in Fig. 7(a)-(c) , vs. optimized FWHM for each tilt, shown in Fig. 7(d)-(f) . The X-axis of each plot contains the tilt and associated FWHM of the transmitter. Whereas, the Y-axis contains the principle mode groups set of each super mode group. The value within each tile is the power coupling element. The dark brown and black colors illustrate PCCs of values lower than À20 dB.
For example, in Fig. 7(a) , the transmitter consist 3 tilted Gaussian beams with tilts of 0 , 4.4 , 8.8
. All of them with FWHM which has the spot-size match property, i.e., 11.4 m in our case.
The associated super mode groups with tilts 0 , 4.4 , 8.8 are the #1 principle mode group, #2-#8 principle mode groups, and #9-#20 principle mode groups, respectively. In this case, the minimum coupling efficiency for a specific tilt is À0.6 dB, and maximum cross-talk is À15.0 dB for a specific tilt.
Generally, the 3 Â 3, 4 Â 4, and 5 Â 5 power coupling matrices show a maximum cross-talk from a specific tilt of À17.8, À12.5, and À9.1 dB, respectively, using optimized FWHM, as seen in Fig. 7(d)-(f) . It is worth noting that the FWHM optimization reduced the maximum cross-talk by at least 2.8 dB in all power coupling matrices, as seen in Fig. 7 .
Moreover, the FWHM optimization improved the tilt to super mode group coupling efficiency. We exhibit À0.6, À1.4, and À2.3 dB worst-case coupling efficiency for 3 Â 3, 4 Â 4, and 5 Â 5 matrices, respectively, using spot-size matched FWHM, as seen in Fig. 7(a)-(c) . As opposed to a worst case À0.4, À0.6, and À1.2 dB coupling efficiency for 3 Â 3, 4 Â 4, and 5 Â 5 matrices, respectively, using optimized FWHM, as seen in Fig. 7(d)-(f) . It is interesting to notice the tilt error effect upon the worst case coupling efficiency and maximum cross-talk from a specific tilt. In Fig. 8 , we have performed a tilt error analysis for a 4 Â 4 power coupling matrix with optimized FWHM for each tilt. For each of the transmitters (#1-#4), we calculate the tilt error effect upon the worst-case coupling efficiency, as shown in Fig. 8(a) . Moreover, for each of the transmitters (#1-#4), we also calculate the tilt error effect upon the maximum cross-talk from a specific tilt, as shown in Fig. 8(b) . One should notice that the tilt error from 0 as in TX #1, is positive. Furthermore, as stated before, the maximum tilt range is taken to be 8.8
; thus, the tilt error from 8.8 as in TX #4, is negative. The tilt error effect upon cross-talk is more dominant in the middle TXs, i.e., TX #2 and #3, vs. the edge TXs, i.e., TX #1 and #4. This is expected, as the worst cross-talk lies in the middle TXs even with optimal tilt and thus sensitive to tilt variations. In TX #4, we can see the trade-off between coupling efficiency and cross-talk. We can improve coupling efficiency by 0.1 dB by taking a smaller tilt, on the expense of a 0.5 dB penalty in the cross-talk. Generally, when the tilt error is up to AE0:2 in a specific TX for the case of a 4 Â 4 power coupling matrix with optimized FWHM, we can get a penalty of 2.5 dB in maximum cross-talk from a specific tilt and 0.1 dB penalty in worst-case coupling efficiency.
Conclusion
In this paper, we propose a simple tilted Gaussian beams multiplexer for GI-MMF using commercially available lenses. We derived the PCCs' analytical expression for a tilted Gaussian beam launch into a GI-MMF using cylindrical coordinates with an infinite parabolic refractive index profile. These analytical expressions were validated numerically and by comparison to other analytical expressions of Cartesian coordinates. We also proved analytically the offset-tilt Gaussian beam power coupling relation under spot-size match between the Gaussian beam and the GI-MMF's fundamental mode.
These analytical expressions were used in the proposed optimization algorithm for an incoherent tilted Gaussian beams multiplexer.
It was shown that the 4 Â 4 power coupling matrix exhibits a maximum cross-talk of À12.5 dB with strong coupling efficiency greater than À0.6 dB.
Appendix A Power Coupling Coefficients With Sine Orientation
In this section, we show that the PCCs' with sine orientation of the electric field yields zero. We start in substituting (2) and (4) 
Letting ! þ and rewriting the -integral yields When the last zero equality is due to the anti-symmetry property of the integrand.
Appendix B Power Conservation Proof
In this section, we show that (29) satisfies power conservation
The proof procedure follows the guidelines shown in [15] , with the required modifications.
The first summation in (39) is the summation over the radial mode number, . When replacing by þ 1 in (29) and (39), the summation over can be written as
We use the following equation from [24, eq. 8.976 , no. 1, p. 1002] to calculate S:
Equation (40) equals (41) in the case that 
